In this work we study the relation between the set of symmetric operators and the set of mutually unbiased operators from finite plane geometry point of view. Here symmetric operators are generalization of symmetric informationally complete probability-operator measurements (SIC POMs), while mutually unbiased operators are the operator generalization of mutually unbiased bases (MUB). We also discuss the implication of this relation to the particular cases of rank-1 SIC POMs and MUB.
I. INTRODUCTION
The geometry of quantum states and their structure has attracted the attention of many researchers; as a representative example we refer to the book of Ref. [1] and the references within. Two particular interesting sets of states, that share a common geometrical structure and symmetric features, are related to the well known mutually unbiased bases (MUB) and to the symmetric, informationally complete probability-operator measurements (SIC POMs). The former have an important role in the description of quantum systems. For example, they are related to the Principle of Complementarity of Bohr [2] , and to the wave-particle duality nature of quantum systems [3] . Two bases are said to be unbiased if the transition probability from any state of one basis to any state of the second basis is independent of the chosen states. In fact, in a finite-dimensional Hilbert space, d, there are at most d+1 bases which are pair-wise unbiased, that is, d+1 MUB [4] . The construction of the complete set of MUB is known in prime-power dimensions [4] [5] [6] [7] [8] . However, it is still not known whether the complete set of MUB exists in dimensions which are not prime-power. A possible construction for an odd prime dimension, d, is given as follows: The first basis is the computational basis {|n } 
The latter, the states related to SIC POMs, has attracted the attention of scholars. These states are related related to what is known as quantum designs [9] In d-dimensional Hilbert space, this set is composed of d 2 normalized kets, {|µ : µ=0, . . . , d
2 −1}, such that the transition probability of one state to any other is independent of the chosen states,
These states are related to the notion of SIC POM. In quantum theory the outcomes of a measurement are mathematically represented by positive operators, M j ≤ 0, that sum-up to one, j M j = 1. The measurement is therefore a POM. The probability to obtain an outcome is given by Born's rule, tr {M j ρ}, where ρ is the statistical operator of the quantum system (the mathematical representation of the state of the system). A POM is informationally complete if any state of the system is determined completely by the outcomes' probabilities. If the set {|µ } exists * Current address in d-dimensional Hilbert space than the (unnormalized) set of projectors {|µ 1 d µ|} is a SIC POM. For brevity we shall refer to the set {|µ } as the set of SIC-states. It is still an open question whether SIC-states exist in any finite dimension. Some are known to exist, by construction, in certain dimensions, see for example [10, 11] .
At a first glance the two symmetric sets, the set of MUB and the set of SIC-states, when both exist, are not related to each other. However quantum design theory provides a common formulation for the both [9] . MUB and SIC-states are affine quantum designs and regular quantum designs, respectively, of particular kinds. A geometric approach has also been studied to connect the two sets [12, 13] . In this approach the projectors onto MUB and the SIC POMs are mapped to vectors in real vector space. It was shown [13] that the complete set of MUB is mapped to d+1 mutually orthogonal d−1 dimensional regular simplexes, while SIC POMs are mapped to d 2 −1 dimensional regular simplex. A regular simplex is a generalization of an equiangular triangle to a higher-dimensional real vector space. Based on this approach, several geometrical relationships between the regular simplexes and the orthogonal simplexes have been found for the case of Heisenberg-Weyl group covariant SIC POMs (HW SIC POMs). A HW SIC POM, or equivalently HW SIC-states, are generated from a single ket, a fiducial state, |ψ 0 , under the action of the HW group elements,
The fiducial state is chosen such that the SIC-states satisfy the defining property of a SIC POM of Eq. (3). The generators of the HW group are the generalized Pauli operators Z, which is defined just above Eq. (1), and X = d−1 n=0 |n ⊕ 1 n| where ⊕ stands for the sum modulo d. The purpose of this work is to explore further connection between the set of MUB and SIC-states. We take a geometrical approach, that is based on finite projective planes geometries. Similar approach was taken in related research in [14] [15] [16] . We begin in the next section, Sec. II, by generalizing the concept of MUB and SIC-states, to operators. Using geometrical properties of hermitian operators in real vector space we define two sets of (hermitian) operators which we term mutually unbiased operators (MUO) and symmetric operators (SO). These sets are equivalent to the sets of MUB and SIC-states when the operators are of rank-one, i.e., projectors onto pure states. On Sec. III we present the main result of our work. We show that in prime-power dimensions the MUO and SO are related to each other in the way as point and lines are related in dual affine finite plane geometries (DAPGs). In particular when the points of the DAPG are associated with projectors onto MUB, than the the lines of the plane correspond to hermitian operator basis. While if the lines of the plane correspond to projectors onto SIC-states, then the points correspond to MU POM (note that we use MU POM in plural form), which together are IC. The later case is analyzed further as it hints on the possible structure of SIC POMs in prime-power dimensions. Some of the results of [13] are re-derived here using this formulation. Then, on Sec. IV, we show that for in prime-power dimensions, when DAPG exists, if one associate the points with MUO, then the lines of the geometry (that is the SO) are generated by the action of the HW group elements on a fiducial line. Based on this observation a condition for rank-one SO (that is, a rank-one SIC POM) is derived. Finally we close by a summary and concluding remarks on Sec. V.
II. SYMMETRIC OPERATORS, MUTUALLY UNBIASED OPERATORS, AND SIMPLEXES
Any hermitian operator with unit trace acting on a d-dimensional Hilbert space of kets, H d , could be written
inherit the symmetric structure of t
We note that m t m <0 one can rescale it by the magnitude of its smallest eigenvalue, rendering it positive semi-definite.
For value
If the τ s are also non-negative for this value of β then they are necessarily rank-one projectors onto MUB, cf. Eq. (2).
III. GEOMETRICAL RELATION BETWEEN MUO AND SO
In this section we show that MUO and SO have the same relation as points and lines in specific type if finite projective plane geometries. We study the implication of this structure in general and for the two special cases of MUB and SIC POMs.
A. Brief review of finite projective plane geometries
We briefly review some of the properties of finite projective planes that are of relevance for our discussion [15] [16] [17] . A finite projective plane is a geometrical structure consists of finite number of points and lines such that,
• any two distinct lines intersect in one and only one point,
• any two distinct points are connected by one and only one line.
In a nutshell, a finite affine plane geometry (APG) is a finite projective plane geometry with additional properties. It is composed of d 2 points and d(d+1) lines, such that
• each line contains d points,
• every point is contained in d+1 lines,
• Given any line L, and any point P not on L, there is exactly one line containing P that does not intersect L.
Accordingly, the lines could be grouped into d+1 groups, each contains d parallel (i.e., not intersecting) lines, and any two lines each from different sets intersect in one and only one point. The number d is called the order of the APG. It can be shown that APG could be constructed in prime-power orders. The main analysis in this section concerns with dual APGs (DAPGs). A DAPG can be constructed from an APG by interchanging points with lines. Therefore, a DAPG of a prime-power order d is composed of d(d+1) points and d 2 lines, such that
• every point is contained in d lines
• every line contains d+1 points,
• Given any point P, and any line L not containing P, there is exactly one point on line L that does not connected to P.
Since any two distinct lines intersect in one and only one point (according to the features of projective planes), these properties imply that the d(d+1) points can be grouped into d+1 groups, each of d points, such that the points in each group are not connected by any line. This property is the dual property of parallel lines in APG. Therefore, one 
B. The geometrical relation
In the case of a prime-power order, a geometrical relation between the d 2 SO of Eq. (7) m that correspond to the points on the µth line,
By construction, the ls are hermitian traceless operators, and therefore they are elements of R 
cf. Eq (5) with α=β(d+1). We note that m t (b) m = µ l µ = 0. The point operators can be re-written in terms of the line operators as
This equation is derived from Eq. (14) by observing that d lines passing through a point, and a point is connected to all other points not in its column through those lines. With this association, the inner product between a point operator and a line operator is given by
Now, trace-one point, and line, operators can be constructed from the traceless operators. The trace-one (hermitian) point operators τ (b) m are given in Eq. (11) , and the trace-one (hermitian) line operators are given by,
We can also write the line operators λ µ in terms of the point operators τ (b)
m and vice versa as,
and, similarly,
Indeed the λ µ s are SO as they have equal pair-wise inner product,
Following Eq. (17), the inner product between a line operator and a point operator is given by
The above relations suggest two particular interesting values of β, β=d(d−1) and β=d(d−1)/(d+1), for which we devote the next two subsections.
C. Case study:
For the value β=d(d−1), the point operators satisfy
If for this value of β the point operators are non-negative, then they are necessarily of rank-one. This is the case where the point operators are projectors onto d+1 MUB. Indeed for prime-power d, there exist d+1 MUB such that Eq. (2) For the same value of β, the line operators constructed from the above point operators satisfy
Therefore, in this case the λ µ s are linearly independent and form a basis for the space of hermitian operators. By using Eq. (19) we can now write the operator basis in terms of the projectors on MUB,
It is interesting to note that the inner product of Eq. (17) between the line operators and the point operators, follow the geometrical intuition,
that is, it is equals to one if the point is on the line, or else it is zero.
Another interesting value for β is β=d(d−1)/(d+1), for which
In this case the line operators λ µ are geometrically constructed from point operators with
If the λs are non-negative for this value of β then they are also of rank-one, and actually they are (rank-one) projectors onto SIC-states, cf. Eq. (3). The general structure of the SIC-states in finite-dimensional Hilbert space is not known.
In fact only few SIC-states are known in specific dimensions, see e.g., Ref [11] . Let us assume the existence of SICstates in some prime-power dimension, d. Then we can write the line operators of Eq. (27) as λ µ = |µ µ|. The operators that form the SIC POM associated with |µ are 
and therefore they can be regarded as statistical operators. Moreover, since for any b value m τ (b)
m =1, the set {τ m must be diagonal in the basis {|m; b },
so that the unbiasedness property is satisfied by construction:
We denote by p (b) m the 'probability vector' whose coordinates are the probabilities (p
The inner product of two probability-operators of the same basis yields non-trivial conditions that the probabilities (p
This result was also obtained in Ref. [13] , but in a slightly different context. In general the spectrum of each probability-operator τ m with the same value b, can be derived as follows. We note that k (p m are related to it by some permutation, which without loss of generality we can take as the cyclic permutation, p m ) k =1 imply that the sum of each raw and column of that matrix is one. Though a possible solution is that the raws and columns are permutation of a 'seed' probability vector, this is not the only possible solution.
As we shall see in the Appendix that SIC-states which are generated by the action of the HW group elements induce the property that operators τ (b) m with the same b label have the same spectrum (while those with different b label do not necessarily have the same spectrum). Actually, in the Appendix we analyze the structure of some known SIC-states from the point of view of the spectrum of the 'underlying' MU POM. We find that MU POM that correspond to different b label share the same spectrum. As we discuss in the Appendix, this is somewhat surprising since it hints on a symmetry of the SIC-states that go beyond th HW group symmetry.
Let us therefore consider the solution where p
0 . In this case, the conditions of Eq. (32) are further simplify,
where ⊕ stands for plus modulo d, and because the modular structure of this equations, the set of equations with m=1, . . . , 
As mentioned before, this structure p
0 is rooted in the structure of the SIC-states. To see this, we express the point operators in terms of the line operators (which are projectors onto the SIC-states), Eq. (29), with accordance to the geometry relation between points and lines in the DAPG. The set of points that are not connected by a line correspond to point operators with the same b label (these are the point located on the same column of grid of points visualizing the DAPG, see e.g. Fig. 1 ). On the other hand d lines going through a point, and therefore the the total number of lines, d
2 , go through the d points on a column, that is, with the same b label. This means that for a every given column there is a unique grouping of the lines into d sets each set contain d lines that go through a one and only one point on the column (as can be seen in Fig. 1) . If the point operators with the same b label have the same spectrum, then the sums µ∋(m,b) |µ µ| and µ∋(m ′ ,b) |µ µ| are related to each other by a unitary transformation. This transformation is the one that cyclic shifts the states in the basis {|m; b }. This impose constraints on the possible structure of the group that generate a set of SIC-states from a fiducial state. More on this matter for the special case of HW SIC POM in the Appendix, where we show that for that case p
The geometrical relation between MU POM (points) and projectors onto SIC-states (lines) may provide us tools to study the structure of SIC-states in particular dimensions. Such analysis could provide us with new insights into possible structure of SIC-states in prime-power dimensions. From Eq. (19) and from the above discussion we realize that in prime-power dimensions, projectors onto SIC-states can be written as sums of operators that form MU POM (minus the identity), where each operator in the sum is diagonal in a given MUB, and no pair of operators in a sum is diagonal in the same basis. This could be used to construct SIC-states with HW group covariance structure. In this case, it is enough (though it might not be a simple task) to find the fiducial line operator whose structure, without loss of generality, is given by
It is therefore equivalently to find probability-operators, τ
0 , each diagonal in the MUB labeled by b, such that the diagonal elements satisfy Eq. (33) and the eigenvalues of their sum is either 2 or 1, the latter with multiplicity d−1.
We examplify the above considerations for the case of d = 2 (qubit) and d = 3 (qutrit). First, we wish to construct a SIC POM for a qubit from MU POM. We construct the latter from the three eigenbases of the Pauli operators, σ x , σ y , and σ z for a qubit. We should construct three groups of two point operators (six operators in total), such that each two are diagonal in one of these bases, {|0 a , |1 a } with a = x, y, z. In particular, we take τ
1 a |, where the ps must abide by Eq. (33),
There only one (non-trivial) solution for this equation is p 
is a rank-one projector, then, according to the discussion above, λ 0 is a fiducial projector, from which we can generate rank-one SIC POM by the action of the Pauli operators. Indeed the operator
is a rank-one projector, and it can be used to generated a SIC POM for a qubit by the action of Pauli operators. Next, we consider the qutrit case, d = 3. For prime dimension there are d + 1 MUB that could be defined following Eq. (1). We consider these bases for the qutrit, and construct the point operators
where the ps satisfy the equations,
The solution for this system of equations (up to relabeling of the ps) is
with the constraints 0 ≤ p
If we take the probabilities to be independent of the basis label, p 0 = p 1 = 1/2 and p 2 = 0, then the operator
is a rank-one projector onto the ket
, which is a fiducial vector for SIC-states by the action of the HW group element in dimension three.
E. Discrete 'phase-space' quasi distribution
In the previous subsections, we have identify the d(d+1) points of a DAPG with the traceless hermitian operators t m with points in a DAPG (when the order d is prime-power) and the lines corresponds to SO. If we interchange the role of points and lines we end up with identifying SO as points in the APG and MUO with lines. This association is related to the question of existence of rank-one SIC POMs and MUB (at least for prime-power dimensions). The question of the existence of rank-one SIC POMs is known to be very difficult to answer, while the existence of MUB in prime-power dimension was proven. In this geometrical context, it means that it is relatively easy to find d 2 SO (not necessarily positive semi-definite) from which one can construct (by the machinery of points and lines in an APG or DAPG) projectors onto d+1 MUB. Such a construction is given by Wootters for prime dimension [14] . However it is notoriously hard to find rank-one SIC POMs and therefore apparently it is a hard problem to find d+1 sets of MUO (being negative and high-rank in general) from which one can construct a rank-one SIC POM.
With these associations of points and lines to either MUO or SO, the discrete version of a phase-space quasidistribution function is called for. Suppose that the lines in either geometries correspond to (trace-one) non-negative operators, i.e., either to MU POM or to (high-rank) SIC POM. The operators correspond to the underlying points may be negative. In this case, the trace of a positive semi-definite trace-one operator (that is a statistical operator) with a point operator can be considered as a discrete version of a phase-space quasi-distribution function. Since the sum of all the points operator corresponds to a line operator, then the sum of this phase-space function over points on a line is directly related to the probability of the corresponding POM element. Take for example the DAPG, and suppose that the d 2 lines correspond to a SIC POM elements λ µ of Eq. (14) with λ µ ≥ 0 for all µ . The discrete quasi-probability distribution at point (m, b) with b=0, . . . , d and m=0, . . . , d−1, is given by
where ρ is the statistical operator for the quantum system; and since the τ
where p µ is the probability of getting an outcome µ when measuring the SIC POM {
IV. THE ROLE OF HW GROUP IN DAPG
This section concerns with the role of the Weyl-pair operators, Z and X defined in the Introduction, as generating lines in DAPG of prime orders. We show that if the points of a DAPG are associated with the operators t 
where k labels the vector (k=0, . . . , d−1), and r labels pairs of coordinates (r=1, . . . , (d−1)/2). With the above parametrization the set of vectors { t k : k=0, . . . , d−1} indeed form a regular simplex,
c.f. with Eq. (5). Note that in this parametrization, the vector v 0 lies in
2 -dimensional subspace of R d−1 , as half of its components are 1s and half of them are 0s, in an alternating fashion, v 0 = (1, 0, 1, 0, . . . , 1, 0) . The vector
k where the j labels the subspace in which t k is embedded.
Next, consider the generators of the HW group, the Weyl-pair Z and X, in prime dimension d, satisfying their defining properties
where ω=e i2π/d is the fundamental dth root of unity. The set {X a Z b : a, b=0, . . . , d−1} is pair-wise orthogonal,
and can be used as a basis of the d 2 -dimensional Hilbert space of operators [18] . When the identity is excluded, the set {X a Z b : a, b=0, . . . , d−1}\{X 0 Z 0 } form a basis for traceless operators acting on d-dimensional Hilbert space of kets. In a prime dimension d,
Taking the following linear combination of operators within each subsets
with complex numbers ζs, we obtain a basis for traceless hermitian operators acting on H d . This basis is an orthogonal basis as tr h
for j=0, . . . , d and k=1, . . . , (d−1)/2. The d+1 sets of the operators {h 
can be represented in this basis by a real vector t with d 2 −1 components,
The action of the Weyl-pair operators Z and X on h and g is given by,
and
for j = 0, . . . , d−1. Therefore, the Weyl-pair act as rotation operators in two-dimensional real vector subspaces spanned by h k ; see also [13] . Consider the traceless hermitian operator
which is represented by
result in an operator that is represented as a vector f 
which does not in general equal to the inner product of two vectors of the simplex. The requirement that the inner product of two operators equals to the inner product of the corresponding vectors of the simplex implies that
So far we have considered the action of X a on traceless hermitian operators of the form f 
Evidently f to a another vector on the simplex in all but one subspaces whose label j satisfies a⊕jb=0. We shall not fail to mention that, in accordance to the discussion in Sec. II, f (j) ab the correspond to d+1 sets of MUO.
The (fiducial) traceless hermitian operator
is represented by the vector l 0 =(1, 0, 1, 0, . . . , 1, 0) in R 
The first requirement of Eq. (68) implies that the amplitude of the components of the fiducial vector ψ have a certain structure and is determine (d−1)/2 real parameters φ d,k . The second requirement of Eq. (68) could be written as
or equivalently as
where the subscript 'diag' means the 'diagonal part'. Multiply both sides of the last equation by the (diagonal) operator Z †mk and taking the trace (this operation is allowed since the multiplication of a diagonal operator with any other operator take into account only the diagonal elements of the latter) we obtain
where we used the fact tr Z jk Z †mk = dδ j,m . The last equation is nothing but the original requirement that |ψ is a fiducial state for a SIC POM. Here we see that it is actually enough to check d(d−1)/2 conditions, rather than d 2 −1, as k=1, . . . , (d−1)/2 and m=0, . . . , d−1.
V. SUMMARY AND CONCLUDING REMARKS
To summarize, we have considered the two sets of hermitian operators acting on a d-dimensional Hilbert space; the set of SO and the set of MUO. These operators correspond to traceless hermitian operators that form a (d 2 −1)-simplex and d+1 orthogonal (d−1)-simplexes in a d 2 − 1 dimension real vector space. For the particular case of prime-power dimension, d, we have shown that when the MUO can be considered as points in DAPG and, consequently, the lines on this plane correspond to SO. This relation and its implication was study in particular for the case where either the MUO or SO are rank-one projectors. We have also defined a quasi-probability distribution on the affine planes based on this association. Finally we study the role of HW group elements in prime dimensions as generators of lines in the DAPG when the points are MUO. From this study we were able to obtain a condition for a rank-one SIC POMs.
